Abstract. This paper deals with the optimization of a hydrothermal problem that considers a non-smooth Lagrangian L(t, z, z ). We consider a general case where the functions L z (t, ·, ·) and Lz(t, ·, ·) are discontinuous in {(t, z, z )/z = φ(t, z)}, which is the borderline point between two power generation zones. This situation arises in problems of optimization of hydrothermal systems where the thermal plant input-output curve considers the shape of the cost curve in the neighborhood of the valve points. The problem shall be formulated in the framework of nonsmooth analysis, using the generalized (or Clarke's) gradient. We shall obtain a necessary minimum condition and we shall generalize the known result (smooth transition) that the derivative of the minimum presents a constancy interval. Finally, we shall present an example.
1. Introduction. The economic dispatch (ED) problem ( [18] , [5] ) is one of the important optimization problems in a hydrothermal power system. In two previous papers ( [2] , [3] ) a problem of hydrothermal optimization with pumped-storage plants was considered. The problem consisted in minimizing the cost of fuel needed to satisfy a certain power demand during the optimization interval [0, T ]. The mathematical problem was stated in the following terms: By ( C 1 ), we denote the set of piecewise C 1 functions from [0, T ] to R, b is the volume of water that must be discharged during the entire optimization interval, P d : [0, T ] → R is a continuous function that represents the power demand at each instant of the optimization interval, Ψ : R → R is the cost function of the thermal plant, H : [0, T ] × R × R → R the function of effective hydraulic generation, z(t) the volume that is discharged up to the instant t by the hydroplant, and z (t) the rate of water discharge at the instant t by the hydroplant. We shall assume that L z (s, z(s), z (s))ds (1.2) and by + z (t) and − z (t) the expressions obtained when considering the lateral derivatives with respect to z . The problem was formulated within the framework of nonsmooth analysis [7] , using the generalized (or Clarke's) gradient, the following result being proven: Theorem 1. If q is a solution of (1.1), then ∃K ∈ R + such that:
(1.3)
In another previous paper [4] , we presented a qualitative aspect of the solution:
the smooth transition. The following result was proven: under certain convexity conditions, the discontinuity of the derivative of the Lagrangian does not translate as discontinuity in the derivative of the solution. In fact, it is verified that the derivative of the extremal where the minimum is reached presents an interval of constancy, the constant being the value for which L z (t, z, ·) presents discontinuity. The character C 1 of the solution is thus guaranteed. This paper generalizes the two previous studies, considering a more general and nonsmooth Lagrangian: L(·, ·, ·) belongs to class C 0 , but L z (t, ·, ·) and L z (t, ·, ·) are continuous, except in Ξ = {(t, z, z )/z = φ(t, z)}, (1.4) where φ belongs to class C 1 .
This situation arises in problems of optimization of hydrothermal systems in which the thermal plant input-output curve considers the shape of the cost curve in the neighborhood of the valve-points. Traditionally, the cost function for each thermal plant in the ED problem has been approximately represented by a single quadratic function 5) where Ψ(Euro/h) is the cost, P (M W ) is the power generated, P min and P max are the minimum and maximum power outputs of the unit, valve-point effects being ignored.
The ED problem with valve-point effects is represented as a nonsmooth optimization problem. Some studies of the ED problem, such as the improved genetic algorithm (IGA) [6] , [1] , a particle swarm optimization (PSO) technique [14] , hybrid solution methodology integrating the particle swarm optimization (PSO) algorithm with the sequential quadratic programming (SQP) method [19] , the differential evolution (DE) algorithm combined with the sequential quadratic programming (SQP) technique [8] , the Taguchi method [10] , a novel Stochastic Search (SS) method [16] , and a group search optimizer (GSO) methodology [20] consider valve-point effects.
The cost function is obtained from a data point taken during tests when input and output data are measured, as the thermal plant slowly varies through its operating region. The shape of the cost curve in the neighborhood of the valve-points is difficult to determine by testing. Wire drawing effects, which occur as each steam admission valve in a turbine starts to open, produce a rippling effect on the cost curve. This curve contains higher order nonlinearity and discontinuity due to the valve-point effect and should be refined. Therefore, (1.5) can be modified by a sine function
where e and f are constants of the valve-point effect of generators, or by several piecewise quadratic functions
We accept this more approximate model (1.6). So, let us consider a thermal plant defined by several quadratic cost function such that Ψ is continuous but Ψ is discontinuous at the valve points (a piecewise C 1 quadratic function). In Fig. 1 we see that Ψ is discontinuous at P 1 and P 2 . At P 1 , for example, we have that The paper is organized as follows. In Section 2, we shall obtain a necessary minimum condition using the generalized (or Clarke's) gradient. The study of nonsmooth variational problems has been widely developed in recent years and the development of nonsmooth analysis has allowed researchers to deal with nonsmooth problems. In particular, it has permitted the achievement of nonsmooth versions of the classical Euler-Lagrange condition [11] , [9] , [17] , [12] , [13] . In Section 3, we shall generalize the smooth transition and shall prove that the derivative of the minimum presents a interval where z = φ(t, z) is verified. In Section 4, we shall present a solution algorithm and shall apply it to an example. Finally, Section 5 summarizes the main conclusions of our research.
2.
A necessary condition. Let us once more consider the mathematical problem (1.1):
though now assuming new conditions: We shall assume a known P d (t), that Ψ is strictly increasing and strictly convex and that Ψ is discontinuous at the valve points represented by the set Ξ = {(t, z, z )/z = φ(t, z)}, and that H verifies
We shall establish the necessary minimum condition for this problem with nonsmooth Lagrangian, employing nonsmooth analysis for this purpose.
Nonsmooth analysis [9] works with locally Lipschitz functions that are differentiable almost everywhere (the set of points at which f fails to be differentiable is denoted by Ω f ). Let f (x) : R n −→ R be Lipschitz near x, and let us assume that S is any set of Lebesgue measure 0 in R n . The generalized (or Clarke's) gradient ∂f can be calculated as a convex hull of (almost) all converging sequences of the gradients
We now extend this study to integral functionals, which will be taken over the σ- 
and a family of functions
Under the above hypotheses, f is Lipschitz in a neighborhood of ( s, v) ∈ X and the following [7] holds:
Hence, if ξ ∈ ∂f ( s, v), we deduce the existence of a measurable function ξ t = (r(t), p(t)) such that (r(t), p(t)) ∈ ∂L(t, s(t), v(t)) a.e.
(∂L denotes the generalized gradient with respect to (s, v)) and where, for any
If ξ = 0 (as when F attains a local minimum at s), then 0 ∈ ∂f ( s, v), it hence follows easily ( [15] , Dubois-Reymond lemma) that p(·) is absolutely continuous and that r = p a.e. In this case, therefore, we have a nonsmooth version (generalized subgradient version) of the Euler-Lagrange equation
For our problem, we assume the following notations throughout the paper: denoting by z the state variable, and by q the optimal value of said variable. We denote:
We shall use L We define by Υ 1 q (t) the set of instants prior or equal to t, where φ(·, q(·)) − q (·) is no longer null and the Lagrangian becomes smooth,
and we denote by N (t) its cardinal:
and its elements by
We define by Γ 1 q (t) the set of instants prior or equal to t, where φ(·, q(·)) − q (·) becomes null; i.e. the Lagrangian becomes nonsmooth,
and we denote by m(t) its cardinal:
We shall assume that the set Ξ in (1.4) is not "active" at t = 0 and t = T, the reasoning would be analogous in any other case. Moreover, there are no "transition points" where formally t 2k−1 = t 2k holds (a fact which will be demonstrated in the following section and which we shall call "smooth transition"). We hence have:
We shall call times t 2k−1 "entry-times" and times t 2k "exit-times". We define by Υ 2 q (t) the set formed by those intervals of continuity of L z (s, q(s), q (s)) and L z (s, q(s), q (s)) lower than or equal to t, denoted by t 0 = 0,
We denote by δ q (t) the value of the integral of L z in the areas of discontinuity it presents prior to t :
and by + q (t) and − q (t) the functions:
With the hypotheses imposed on problem (2.1) at Section 2, which are verified in our hydraulic model, is easy to prove that L
With the above definitions, we can prove the following result (necessary condition for minimum).
Theorem 2. If q is a solution of (2.1), then ∃K ∈ R + such that:
Proof. It is easy to see that the functional (2.1) satisfies the necessary conditions to verify (2.3). Bearing in mind that the functions L z (t, ·, ·), L z (t, ·, ·) are discontinuous in Ξ, using (2.2), we have that the generalized gradient is
We shall first prove that the theorem is verified in an interval
where the solution q of (2.1) reaches points in Ξ. We shall then generalize for t ≥ t 2 , where the solution shall be formed by a concatenation of arcs q (t) = φ(t, q(t)) and q (t) = φ(t, q(t)), like those already studied in [t 0 , t 2 ]. Let us assume that q (t) > φ(t, q(t)) in [0, t 1 ) and
We shall reason analogically in the case that q (t) < φ(t, q(t)) in [0, t 1 ) and
Hence, from (2.8), for q (t) = φ(t, q(t)), we have that:
An expression that is also verified for q (t) = φ(t, q(t)) by simply bearing in mind (2.5) and (2.6), since:
with 0 ≤ u(t) ≤ 1. Summing, and denoting −p(0) = K, we have that 
ii) If t < t 2 , N (t) = 0 and in such a case from (2.10), we have that
, N (t 2 ) = 1 and, in (2.10) an equality will be verified, for example
, we shall reiterate the process once more, taking t 2 as the initial point. For the concatenation of arcs, we must bear in mind that:
On the one hand, we are in a zone in which
On the other hand, from (2.11) it is verified that
Therefore,
and in such a case, once more
. Once the arcs of the extremal have been concatenated in t 2 , the theorem is demonstrated, simply be bearing in mind that only situations like those already analyzed above may arise.
3. Smooth transition. In this section, we present a qualitative aspect of the solution of (2.1). We prove that, under certain conditions, the discontinuity of the derivative of the Lagrangian does not translate as discontinuity in the derivative of the solution. In fact, it is verified that the derivative of the extremal where the minimum is reached presents an interval where z = φ(t, z) is verified. The character C 1 of the solution is thus guaranteed.
Theorem 3. Let L(·, ·, ·) be the Lagrangian of the functional F in the conditions stated above, and let us assume that the function L z (t 0 , z(t 0 ), ·) is strictly increasing and discontinuous in φ(t 0 , z(t 0 )). If q is minimum for F , and q (t 0 ) = φ(t 0 , q(t 0 )), then q (t) = φ(t, q(t)) in some interval that contains t 0 and q is continuous in t 0 .
Proof. Let us see, first, that q (t) = φ(t, q(t)) in some interval that contains t 0 . We shall proceed by contradiction. Let q ∈ Θ be a minimum of F, and let us first assume that for t 0 ∈ (0, T ) there exist ε > 0 such that:
The strict growth of L z , implies that:
and, together with the discontinuity of L z , we have:
We consider the auxiliary function h t0 ε defined on [0, T ]:
It is evident of (3.1) that we may choose the previous ε sufficiently small for the following inequality to be verified:
from which the following inequalities are deduced:
Let us now take into account that
and hence
and we have that
which contradicts the assumption that q is a minimum of F .
If q (t) > φ(t, q(t)) in some interval to the left of t 0 and q (t) < φ(t, q(t)) in some interval to the right of t 0 , the proof would be analogous, taking δ + F (q, −h t0 ε ).
We therefore conclude that q (t) = φ(t, q(t)) in some interval that contains t 0 . Let us also see that q is continuous at t 0 . We shall proceed by contradiction. Let us assume that q (t
, the proof will be analogous). Bearing in mind what was demonstrated above, q is discontinuous at t 0 only in the following cases:
For (a), there will exist an ε > 0 such that q (x) = φ(x, q(x)) at [t 0 , t 0 + ε]. We may choose ε such that q (x) < φ(x, q(x)) at [t 0 − ε, t 0 ). In this case
and, by identical reasoning to that used above, we shall have that δ + F (q, h t0 ε ) < 0, which once more means a contradiction of the fact that q is a minimum of F .
Finally, for (b), there will exist an ε > 0 such that q (x) = φ(x, q(x)) at [t 0 −ε, t 0 ]. We may choose ε such that q (x) > φ(x, q(x)) at (t 0 , t 0 + ε]. In this case,
where, by identical reasoning to that used in (a), we shall once more have the
This result has a very clear interpretation: under optimum operating conditions, thermal plants never switch brusquely from one generating power zone to another, but rather carry out a smooth transition, remaining on the boundary q (t) ≡ φ(t, q(t)) for a certain interval.
4. Application to a hydrothermal problem. A program that solves the optimization problem was elaborated using the Mathematica package. The Optimization Algorithm, briefly described below, is very similar to the algorithm that we present in [4] . The solution to the problem consists in finding for each K the function q K that satisfies the conditions of Theorem 2 and, from among these functions, an admissible function q K ∈ Θ. Theorem 2 allows the extremals q K to be constructed in a simple way:
Stage 1) For each K we construct q K , where q K satisfies the conditions of Theorem 2 and the initial condition q K (0) = 0. In general, the construction of q K cannot be carried out all at once over all the interval [0, T ]. The construction must necessarily be carried out by constructing and successively concatenating the extremal arcs (q (t) = φ(t, q(t))) and boundary arcs (q (t) = φ(t, q(t))) until completing the interval [0, T ]. This is relatively simple to implement using a discretized version of Equations (2.7).
To calculate the exit instant of each smooth transition zone, we shall verify the conditions in Theorem 2. That is, the exit time will be the first value of t in which the following condition is no longer fulfilled for K:
Stage 2) K is calculated such that q K ∈ Θ. The procedure is similar to the shooting method used to resolve second-order differential equations with boundary conditions. Effectively, we may consider the function ϕ(K) := q K (T ) and calculate the root of ϕ(K) − b = 0, which may be realized approximately using elemental procedures like the secant method. Fig. 3 . Slopes of the cost curves of the thermal plant.
The program was applied to an example of a hydrothermal system made up of one thermal plant and one hydroplant. We shall analyze the behavior of the thermal plant assuming the existence of a valve point (P 1 = 450). This study may be easily extended to the remaining valve points.
To improve the quality of the study, we shall analyze three cases (Fig. 3) : In the first case, we shall assume that the valve point does not suppose a discontinuity in the derivative Ψ . In the second, we shall assume that it implies a moderate jump in the slope, and in the third, a more pronounced jump. The cost function in each case is: Case 1: Ψ 1 (P ) = 10696.0977 + 16.5477P + 0.003299P 2 , P min ≤ P < P max P min ≤ P ≤ 450 450 < P < P max with P min = 0; P max = 600.
For the power production of the hydroplant (variable-head), we consider a function of z(t) and z (t) defined as
So, the function of effective hydraulic generation is Next, we present the optimal solution. Table 1 shows the power demand P d (t) (M W ), and the optimal solution, i.e. the state variable: q(t)(m 3 · 10 6 ), and the optimal thermal power: P (t)(M W ) for the three cases. Although the discretization used comprised 48 instants for the optimization interval [0, 24] , for the sake of brevity we present only the integer values of t(h). The objective value is 448699 (Euros) in Case1, 448970 (Euros) in Case 2, and 449339 (Euros) in Case 3. In Case 1, there is no smooth transition; hence K has the same value in all the instants: −p(0) = K = 0.00101472651608. In Cases 2 and 3, a smooth transition does occur. In the free instants, K takes the values: K = 0.00106026202804 and K = 0.00109182791977 in Case 2 and Case 3, respectively. In the smooth transition instants, the value of K remains within the interval + q (t), − q (t) . To see this in more detail, in Table II we present the entry and exit times and the value of K and the values of + q (t), and − q (t),which, as can be easily proven, verify Theorem 2. The graphs of the optimal solution can be seen in Figs. 4 and 5. Note that, as Theorem 3 guarantees, when the valve point supposes a discontinuity in Ψ , the optimum thermal power presents a constant interval. Furthermore, it can be appreciated (Fig. 4) that the more pronounced the jump in the derivative, the more prolonged this interval will be, being inexistent in Case 1 (continuous Ψ ). An optimization interval of T = 24 h. was considered, with a discretization of 24 · 2 subintervals. The secant method was used to calculate the approximate value of K for which q K (T ) − b = 0. In 4 iterations: |q K (T ) − b| < 10 −2 (m 3 ). The CPU time employed was 12.0 sec.
5.
Conclusions. This paper proposes a new approach for solving economic dispatch problems with valve-point effects. The ED problem with valve-point effects is represented as a nonsmooth optimization problem in which the cost function for each thermal plant is approximately represented by several piecewise quadratic functions. We establish a necessary minimum condition for this problem with nonsmooth Lagrangian, employing nonsmooth analysis for this purpose. Furthermore, we present a qualitative aspect of the solution, the smooth transition: under optimum operating conditions, thermal plants never switch brusquely from one generating power zone to another, remaining above the boundary for a certain interval. The feasibility of our method was illustrated by a hydro-thermal system and we compared the results obtained using three different valve-point effects for the thermal plant.
